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We c o n s i d e r  the p r o b l e m  of evapo ra t i on  o r  g rowth  of a d rop  with u n i f o r m l y  d i s t r i b u t e d  in te rna l  hea t  
s o u r c e s ,  t ak ing  into account  heat  exchange with the su r round ing  me d ium.  We a s s u m e  that  the  Reynolds  
n u m b e r  R=u~/v and the P e e l e t  n u m b e r s  PD--Ua/D, P)~=ua/~( ( a i s  the  r a d i u s  of the d rop ,  u is  the ve loc i ty  of 
r e l a t i v e  mot ion,  v, D, and X a r e  the k inema t i c  v i s c o s i t y ,  d i f fus ion coeff ic ient ,  and t h e r m a l  d i f fus iv i ty  of 
the  v a p o r - g a s  medium)  a r e  s m a l l  enough fo r  the d i s t r i b u t i o n s  of v a p o r  content  and t e m p e r a t u r e  to be 
s p h e r i c a l l y  s y m m e t r i c a l .  The M a x w e l l - L a n g m u i r  f o r m u l a  fo r  the r a t e  of d i f fus ion evapora t ion  [1] is  e x -  
t ended  to the c a s e  where  in t e rna l  hea t  s o u r c e s  a r e  p r e s e n t  and ene rgy  t r a n s f e r  o c c u r s  in the r a d i a t i o n -  
a b s o r b i n g  v a p o r - g a s  m e d i u m .  The r ad i a t i on  m e a n  f r ee  path s ign i f i can t ly  exceeds  the drop  rad ius~  We 
d e t e r m i n e  the v a r i a t i o n  of the r a d i u s  with t i m e .  

1. Diffusion Equat ion and E v a p o r a t i o n  Rate .  The s u r f a c e  of a d rop  with r=a{t)  d iv ides  the whole 
space  into two r eg ions  - an i n n e r  one and an ou te r  one.  All the quant i t i es  r e l a t i n g  to the i nne r  r eg ion  a r e  
denoted  by s y m b o l s  with a d a s h , a n d  al l  those  r e l a t i n g  to the ou te r  r eg ion  have no dash~ Quant i t i es  r e l a t i n g  
to the  i n t e r f a c e  have the s u b s c r i p t  a, t hose  r e l a t i n g  to the  l iquid o r  v a p o r  have the s u b s c r i p t  1, and those  
to the  gas  have the s u b s c r i p t  2. Ove ra l l  quan t i t i e s  have no subsc r ip t~  F o r  ins tance ,  the  to ta l  number  of 
m o l e c u l e s  in unit  vo lume is  n = n l + n  2. Le t  m be the m a s s  of the molecu le ,  p t h e  dens i ty ,  and ~ the  r a d i a l  
component  of the ve loc i t y  of the  med ium.  Then 

Pl = mlnz, P2 = m~n~, P = Pl -~ P~, pv = ply1 + p2v~ o (1.1) 

The cont inui ty  equat ions  have the f o r m  

(1.2) 

F o r  the  inner  r eg ion  nl'>>n 2' and, hence,  p f=p l  T. In addi t ion,  a s s u m i n g  that  p'v'>>pv we can ignore  
the  mot ion  of the l iquid  ins ide  the  d rop .  

Aeeord ing~o  Chapman and E n s k o g ' s  t h e o r y  [2], we can w r i t e  the di f fus ion equat ion for  a b i n a r y  mix tu r e  
at  cons tan t  p r e s s u r e  in the absence  of ex t e rna l  f o r c e s  and with t h e r m a l  di f fus ion ignored :  

n2Do d nl 
v l - -  v~ = - -  nln2 dr n (1.3) 

Us ing  the bounda ry  condi t ion  fo r  r=a ( t ) ,  vz---& (~ is  the ve loc i ty  of the  phase  in te r face)  we obtain the 
fo l lowing e x p r e s s i o n  fo r  the v a p o r  f lux dens i ty  on the d rop  su r f ace :  

l ~ p l a ( V l a _ _ [ t ) ~  - (pin'Do d n~) ( da) 
- -  n ~ n ~  dr ~- ~ ~ = ~ -  �9 ( 1 . 4 )  
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Thus,  to ca l cu l a t e  the ve loc i ty  of the  phase  in t e r f ace ,  equal to 

a ' ~  nln2 dr n "  a ' 

we need to so lve  the  d i f fus ion equat ion.  

It fol lows f r o m  the cont inui ty  Eqs .  (1.2) that  

p z V l +  92v2 = (P ia  Via ~- 9Sa d) a 2 ] r 2 o 

Then,  e l im ina t i ng  v z f r o m  (1.3) and (1.6) we obta in  

a~ p2n2Do d nz 
9/;1 ~ (91aYl a ~- 92aa) r 2 - -  nin2 dr - - ~  " 

(i .5) 

(1.6) 

(1.7) 

If we subs t i tu te  (1.7) in the f i r s t  of Eqs .  (1~ 2) and neg lec t  the t e r m s  conta in ing the sma l l  p a r a m e t e r  
P/O',  the d i f fus ion equat ion t a k e s  the fo rm 

(,,~ 21[ ~192"2D0 d nl 92~2 ( ~ln2Do d ~1) l 
d + - T  L pnxn~ dr n +4- ~r 2 \ nln2 dr n a = 0 .  (1.8) 

Le t  the v a p o r  dens i ty  at inf ini ty  be D~o and on the d rop  su r f a c e  be equal to the  s a t u r a t e d  v a p o r  dens i ty  
P a  at su r f ace  t e m p e r a t u r e  T a. A s s u m i n g  that  lPa  - P ~ I < < P a  we can confine o u r s e l v e s  in Eq~ (1.8) to t e r m s  
of the f i r s t  o r d e r  of s m a l l n e s s  in the  p a r a m e t e r  ( P a - P c r  In addi t ion,  s ince  Eq. (1.8) was obta ined 
by  neg lec t  of t h e r m a l  and p r e s s u r e  d i f fus ion ef fec ts ,  n in th is  equat ion can be a s s u m e d  to be  independent  of 
r ;  

( d  2) dp1 
~ 7 + 7  ~ = ~  (1.9) 

The solut ion of th is  equat ion enab les  us to ca l cu la t e  the vapor  f lux dens i ty  on the d rop  s u r f a c e ,  

/ = -  93 \ dr /a ~ D =  9 '  Do �9 (1.10) 

The s a t u r a t e d  v a p o r  dens i ty  Pa  i s  a known function of t e m p e r a t u r e .  In the  case  of a s m a l l  t e m p e r a -  
t u r e  d i f f e r ence  th is  function can be a p p r o x i m a t e d  by  a l i n e a r  r e l a t i o n s h i p  

pa = Psco [I + ~ ( T a -- Too ) / Too ] . (i .ii) 

The temperature difference is determined from the solution of the heat problem. 

2. Energy Equation. We assume that energy transfer from the drop to the gas is due to radiation, 
diffusion, and heat conduction. 

Since, according to the conditions of the problem, the radiation mean free path significantly exceeds 
the drop radius we can assume that radiation has no effect on the temperature distribution in the vicinity of 

the drop. 

It i s  obvious that  the  f lux of r ad i an t  e n e r g y  in th is  v ic in i ty  i s  

S r = eZ (Tan - -  Tcc a) a 2 / r 2 ~ 4ezTco s (T a - -  Too) as / r2 , (2 ol) 

where  ~r is  the S te fan -Bo l t zmann  cons tan t  and e is  the ef fec t ive  e m i s s i v i t y  of a drop  su r rounde d  by vapo r .  

The e n e r g y  flux t r a n s f e r r e d  by dif fus ion due to the  d i f f e r ence  in en tha lp ie s  of the d i f fus ing subs t ances  
i s ,  as  is  kno~m [2], 

S D = 5/2 kT (nlv z ~- n2v2 -- nv) , 

where  k is  the Bol tzmann  cons tan t .  

Using  Eqs .  (1.1) and (1.3) we can conver t  (2.2) to the f o r m  

5kT / rnl \ d91 

(2.2) 

(2.3) 
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is  

Subst i tut ing the solut ion of Eq. (1.9) in (2.3), we obtain 

5~T ( ml } a 

The energy  flux t r a n s f e r r e d  by heat conduction of a va po r - ga s  mix ture  with t he r ma l  conductivi ty 

S~ = -- • dT/dr .  (2.5) 

The equation for energy  t r a n s f e r  in the va po r - ga s  mix tu re  at constant  p r e s s u r e ,  with the t e r m s  due 
to the mean  m a s s  flux and i n t e rna l  f r i c t ion  neglected,  has the form 

f d 2 \ 
k ~ r  + ~-)(Cqr + S D + Sx)  = 0  �9 (2.6) 

To solve this  equation we need to know S a - the total energy  flux on the phase in te r face  - which can 
be found f rom a solut ion of the in t e rna l  p rob lem.  

The energy  t r a n s f e r  equation for  r < a has the fo rm 

7 + q = o, (2.7) 

where  q is the in tens i ty  of the in te rna l  heat sources  pe r  uni t  volume of drop. 

Since we a s s u m e  that  the rad ius  of the drop s igni f icant ly  exceeds the mean  f ree  path of the gas mo le -  
cules  we can ignore  the t e m p e r a t u r e  d i scon t inu i ty  n e a r  the sur face  [1]. F o r  a given drop sur face  t e m p e r a -  
t u r e T a , a n d  ff T ~ ~ w h e n r = 0 , w e  can eas i ly  obtain a solut ion of Eq. (2.7) 

T'  - -  T a' = (qa ~ / 6• (t  -- r ~/a 2), (2.8) 

f r o m  which it follows that the heat flux per  unit  a r ea  of drop sur face  due to in te rna l  heat sources  is 

- - •  (dT '  / dr)a = 1Is q a .  (2.9) 

The energy  flux t r a n s f e r r e d  by radia t ion ,  diffusion,  and heat  conduction in  the vapo r -gas  medium is 
given for  r =  a by the Eq. (2.9) with the energy  flux due to the phase t r a n s i t i o n  sub t rac ted ,  

S a = 1/3qa - -  L / ,  (2.10) 

where  L is the specif ic  heat of vapor iza t ion .  

It follows f r o m  Eq. (2.6) and boundary  condit ion (2.10) that 

d T  q a2 __ 4e~Tco a (T a __ a 2 7 a (Pa - -  P ~ )  

T : D [ ~  L - 5kTco ~ ml  2~7~-n~ \ ~  l)] . (2.11) 

Since the d i f ference  in t e m p e r a t u r e s  on the drop sur face  and at inf ini ty  is a s sumed  to be r e l a t ive ly  
smal l ,  then n and D can be cons idered  cons tant  and, in addition, p can be rep laced  by Pa- The solut ion 
of Eq. (2~ 11), which d e s c r i b e s  the t e m p e r a t u r e  d i s t r ibu t ion  in the va po r - ga s  medium,  has the fo rm 

a "~ ~ (Pa --- Pco) a 
• (T -- ~ )  ~ " 4 ~ T ~  (:r _ T~) )Z r (2 ~ 

Thus,  the d i f ference  between the drop surface  t e m p e r a t u r e  and the t e m p e r a t u r e  of the medium at 
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inf in i ty  i s  

qaZ - -  37 (Pa --Pco) 
Ta -- To~ = "  3 (z ~- 4aer 3) (2.13) 

3. V a r i a t i o n  of Drop Radius  with T i m e .  It fol lows f rom (1.11) and (2.13) that  

(4ae~Tco~ + ~) (Psoo - -  Poo) _L ~Tpsooqa 2 / 3Tcc 
�9 ( 3 . 1 )  Pa - -  P~ - -  ~ -~ 4ae~'/'cr ~ -~- 13TPsoo / Tcc 

Thus,  we can ca l cu l a t e  the v a p o r  f lux dens i ty  on the drop  s u r f a c e  and obta in  an equat ion for  the  v a r i a -  
t ion of d rop  r a d i u s  with t i m e ,  

qa~/3T~ - -  T (Psco - -  Pco)/T~] �9 

(3.2) 

The so lu t ion  of th is  equat ion i s  v e r y  l a b o r i o u s  and, hence,  i t  i s  b e t t e r  to c o n s i d e r  only spec i a l  c a s e s .  

In the  in i t i a l  s t age  of evapo ra t i on  of a suf f ic ien t ly  l a r g e  d rop  and a lso  in the  ca se  where  the v a p o r  
dens i t y  at  inf ini ty  i s  the s a m e  as  the s a t u r a t e d  v a p o r  dens i ty ,  the  evapo ra t i on  of the d rop  confo rms  to the 
fol lowing law:  

a PscoP~q D 
"a - -  3p~p'T~ (~ -Jr" 4ae~T~ 8 q-  ~FPs~ / Too) (3.3) 

Then 

a / a o - -  A l n ( a  / a o ) =  t - -  t /Vo , 

z + ~YPsoo / Too t2p2p'aoe(~Tco 4 
A -  4aoe(~7, 8 , ' to=- PPs~qBO (3.4) 

As the drop  e v a p o r a t e s ,  the effect  of i n t e rna l  hea t  r e l e a s e  and r a d i a t i v e  t r a n s f e r  f rom the d rop  s u r -  
face  d e c r e a s e s .  F o r  suf f ic ien t ly  l a r g e  t i m e s  the  evapora t ion  wil l  be  given by  the f o r m u l a  

�9 pD ( i  ~TPs~/T= ) 
a a =  --  - ~  (Psr - -  Poo) --  ~ + ~TP,~ I T~) (3.5) 

The drop  r a d i u s  if ps  ~ and p~ a r e  cons tan t  v a r i e s  with t ime  in the fol lowing way:  

(a / ao) ~ = I - -  t/'~r 

T~ = ao2p~p ' (i -I- ~'rps~ / xT~) / 2pD (Ps~ - -  P~) (3.6) 

If the v a p o r  dens i t y  i s  neg l ig ib ly  s m a l l  in c o m p a r i s o n  with the  gas  dens i ty  and heat  t r a n s f e r  by  r a d i a -  
t ion and di f fus ion is  s m a l l  in c o m p a r i s o n  with the heat  f lux due to the phase  t r a n s i t i o n ,  then (3.6) b e c o m e s  
the s a m e  as  Mason ' s  f o r m u l a  [3]. 

In the  ca se  where  t h e r e  a r e  no in te rna l  heat  s o u r c e s  and ene rgy  t r a n s f e r  is  due so le ly  to r a d i a t i o n  in 
a t r a n s p a r e n t  m e d i u m  and heat  conduct ion ,Eq .  (3.2) should b e c o m e  the s a m e  as  the  equat ion in [4]. In [4], 
however ,  the c o r r e s p o n d i n g  f o r m u l a  was given in an obvious ly  d i s t o r t e d  f o r m .  

If the d rop  r a d i u s  i s  l a r g e  in c o m p a r i s o n  with the  r a d i a t i o n  mean  f r ee  path  the  app rox ima t ion  of r a -  
d iant  heat  conduct ion i s  app l i cab le  in the whole space  occupied  by  the v a p o r - g a s  me d ium.  This  c a s e  can 
be obta ined  f rom (3.2) by put t ing a =0, ~ Q = ~ r  + ~g:  

pD 113qa~ -- 7 (P8r -- PcQ) 

a a = - -  ~"~" [Psoo-- Poo "-[- [3Psr 7r L3,rpse o "]" (3.7) 
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~r it  f o l l o w s  tha t  

(a / a0) 2 = r  ( - -  t / ~ 1 )  - -  (T1 / T~) [ i  - -  exp  ( - -  t / z l ) }  

�9 1 = 3• (i + ~TPsoo / %) / 2Ppso>BqD 

v2 : a02p'pe (t  -}- ~;Psoo / %) / 2p (Psoo - -  Poo) O . ( 3 . 8 )  

E v a p o r a t i o n  and g r o w t h  of  t he  d r o p  o c c u r  in a t i m e  of  the  o r d e r  of  ~-1~-2/(~h + h ) .  

In the  c a s e  of  s u p e r s a t u r a t i o n  (poo>Psoo) t he  g rowth  and e v a p o r a t i o n  of  the  d rop  c e a s e ,  a s  (3.5) shows ,  
when  the  l i m i t i n g  r a d i u s  

a = [3• ~ (p~  - p,~o) / ~q] 11' 

i s  a t t a i n e d .  The  l i m i t i n g  r a d i u s  can  be  found f r o m  the  g e n e r a l  f o r m u l a  (3.2) 

a = (6aoToo 4 / ~Pscoq) [PsOo -- Poo + 1 / (Psoo -- Poo) 2 + (Psoo -- Pco) Ps0o• / t2s~z~'Tl 

which  b e c o m e s  Eqo (3.9) when  ~ =0. 
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(3.9) 

(3.10) 

2o 

3o 
4. 
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